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Abstract
In this review paper, we first discuss some open problems related to
two-dimensional self-avoiding paths and critical percolation. We then re-
view some closely related results (joint work with Greg Lawler and Oded
Schramm) on critical exponents for two-dimensional simple random walks,
Brownian motions and other conformally invariant random objects.
1 Introduction
The conjecture that the scaling limits of many two-dimensional systems in sta-
tistical physics exhibit conformally invariant behaviour at criticality has led to
striking predictions by theoretical physicists concerning, for instance, the values
of exponents that describe the behaviour of certian quantities near (or at) the
critical temperature. Some of these predictions can be reformulated in elemen-
tary terms (see for instance the conjectures for the number of self-avoiding walks
of length n on a planar lattice).
From a mathematical perspective, even if the statement of the conjectures
are clear, the understanding of these predictions and of the non-rigorous tech-
niques (renormalisation group, conformal field theory, quantum gravity, the link
with highest-weight representation of some infinite-dimensional Lie algebras, see
e.g. [20, 11]) used by physicists has been limited. Our aim in the present review
paper is to present some results derived in joint work with Greg Lawler and
Oded Schramm [33, 34, 29, 30, 31, 32] that proves some of these conjectures,
and improves substantially our understanding of others. The systems that we
will focus on (self-avoiding walks, critical percolation, simple random walks)
correspond in the language of conformal field theory to zero central charge.
We structure this paper as follows: In order to put our results into per-
spective, we start by very briefly describing two models (self-avoiding paths
and critical percolation) and some of the conjectures that theoretical physicists
have produced and that are, at present, open mathematical problems. Then,
we state theorems derived in joint work with Greg Lawler and Oded Schramm
[29, 30, 32] concerning critical exponents for simple random walks and planar
Brownian motion (these had been also predicted by theoretical physics). We
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then show how all these problems are mathematically related, and, in partic-
ular, why the geometry of critical percolation in its scaling limit, should be
closely related to the geometry of a planar Brownian path via a new increasing
set-valued process introduced by Schramm in [38].
2 Review of some prediction of theoretical physics
2.1 Predictions for self-avoiding walks
We first very briefly describe some predictions of theoretical physics concerning
self-avoiding paths in a planar lattice. For a more detailed mathematical account
on this subject, see for instance [35].
Consider the square lattice Z2 and define the set Ωn of nearest-neighbour
paths of length n started at the origin that are self-avoiding. In other words,
Ωn is the set of injective functions {0, . . . , n} → Z2, such that w(0) = (0, 0) = 0
and |w(1)− w(0)| = · · · = |w(n)− w(n− 1)| = 1.
The first problem is to understand the asymptotic behaviour of the number
an := #Ωn of such self-avoiding paths when n→∞. A first trivial observation
is that for all n,m ≥ 1, an+m ≤ anam because the first n steps and the last m
steps of a n+m long self-avoiding path are self-avoiding paths of length n and
m respectively. Furthermore, an ≥ 2n because if the path goes only upward or
to the right, then it is self-avoiding. This leads immediately to the existence of
a constant µ ∈ [2, 3) (called the connectivity constant of the lattice Z2) such
that
µ := inf
n≥1
(an)
1/n = lim
n→∞
(an)
1/n.
Note that if one counts the number a′n of self-avoiding paths of length n
on a triangular lattice, the same argument shows that (a′n)
1/n converges when
n→∞ to some limit µ′ ≥ 3. The connectivity constant is lattice-dependent.
One can also look at other regular planar lattices, such as the honeycombe
lattice. We will say that a property is ‘lattice-independent’ if it it holds for
all these three ‘regular’ lattices (square lattice, triangular lattice, honeycombe
lattice). One possible way to describe a larger class of ‘regular’ lattices for which
our ‘lattice-independent’ properties should hold, could (but we do not want to
discuss this issue in detail here) be that they are transitive (i.e. for each pair
of points, there exists a euclidean isometry that maps the lattice onto itself and
one of the two points onto the other) and that rescaled simple random walk
on this lattice converges to planar Brownian motion. For instance, the lattice
Z× 2Z is not allowed.
When L denotes such a planar lattice, we denote by an,L the number of
self-avoiding paths of length n in the lattice starting from a fixed point, and by
µL := infn≥1(an,L)
1/n its connectivity constant.
A first striking prediction from theoretical physics is the following:
Prediction 1 (Nienhuis [37]) For any regular planar lattice L, when n→∞,
an(L) = (µL)
nn11/32+o(1).
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The first important feature is the rational exponent 11/32. The second one
is that this result does not depend on the lattice i.e., the first-order term is
lattice-dependent while the second is “universal”.
The following statement is almost equivalent to the previous prediction.
Suppose that we define under the same probability Pn two independent self-
avoiding paths w and w′ of length n on the lattice L (the law of w and w′ is the
uniform probability on Ωn).
Prediction 2 (Intersection exponents version) When n→∞,
Pn[w{1, 2, . . . , n} ∩ w′{0, 1, . . . , n} = ∅] = n−11/32+o(1).
Indeed, w{1, 2, . . . , n} and w′{0, 1, . . . , n} are disjoint if and only if the con-
catenation of the two paths w and w′ is a self-avoiding path of length 2n so that
the non-intersection probability is exactly a2n/(an)
2.
A second question concerns the typical behaviour of a long self-avoiding path,
chosen uniformly in Ωn when n is large. Let d(w) denote the diameter of w.
Theoretical physics predicts that the typical diameter is of order n3/4. This had
already been predicted using a different (‘very non-rigorous’) argument by Flory
[18] in the late 40’s. A formal way to describe this prediction is the following:
Prediction 3 (Nienhuis [37]) For all ǫ > 0 and all regular lattices, when
n→∞,
Pn
[
d(w) ∈ [n3/4−ǫ, n3/4+ǫ]
]
→ 1.
One of the underlying beliefs that lead to these conjectures is that the mea-
sure on long self-avoiding paths, suitably rescaled, converges when the length
goes to infinity, towards a measure on continuous curves, that posesses some
invariance properties under conformal transformations. The counterparts of the
previous predictions in terms of this limitting measure then go as follows: Take
two independent paths defined under the limitting measure, started at distance
ǫ from each other. Then, the probability that the two paths are disjoint decays
like ǫ11/24 when ǫ → 0. For the second prediction: the Hausdorff dimension of
a path defined under the limitting measure is almost surely 4/3.
2.2 Predictions for critical planar percolation
We now review some results predicted by theoretical physics concerning critical
planar percolation. A more detailed acount on these conjectures for mathemati-
cians can be found for instance in [25]. See [19] for a general introduction to
percolation.
Let p ∈ (0, 1) be fixed. For each edge between neighbouring points of the
lattice, erase the edge with probability 1 − p and keep it (and call the edge
open) with probability p independently for all edges. In other words, for each
edge we toss a biased coin to decide whether it is erased or not. This procedure
defines a random subgraph of the square grid. It is not difficult to see that
the large-scale geometry of this subgraph depends a lot on the value of p. In
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particular, there exists a critical value pc (called the critical probability), such
that if p < pc, there exists almost surely no unbounded connected component
in the random subgraph, while if p > pc, there exists almost surely a unique
unbounded connected component of open edges. It is not very difficult to see
that the value pc of the critical probability is lattice-dependent. Kesten has
shown that for L = Z2, pc = 1/2. We are going to be interested in the geometry
of large connected component when p = pc.
In regular planar lattices at p = pc it is known that almost surely no infinite
connected component exists. However, a simple duality argument shows that
in the square grid, at p = pc = 1/2, for any n ≥ 1, with probability 1/2,
there exists a path of open edges joining (in that rectangle) the bottom and top
boundaries of a fixed n× (n+1) rectangle. This loosely speaking shows that in
a big box, with large probability, there exist connected components of diameter
comparable to the size of the box.
Theoretical physics predicts that large-scale properties of the geometry of
critical percolation (i.e., percolation on a planar lattice at its critical probabil-
ity) are lattice-independent (even though the value of the critical probability is
lattice-dependent), and, in the scaling limit, invariant under conformal trans-
formations; see e.g. [1, 25]. Furthermore, physicists have produced explicit
formulas that describe some of its features.
A first prediction is the following: Consider critical percolation restricted to
an n × n square (in the square lattice, say), and choose the connected compo-
nent C with largest diameter (among all connected components). The previous
observation shows that the diameter of C is of the order of magnitude of n.
Define the rescaled discrete outer perimeter of C, ∂n = ∂C/n, where ∂C is the
boundary of the unbounded connected component of the complement of C in
the plane.
Prediction 4 (Cluster boundaries [16, 12, 4]) The law of ∂n converges when
n→∞ towards a law µ on continuous paths ∂. Moreover, µ-almost surely: the
Hausdorff dimension of ∂ is 7/4, the path ∂ is not self-avoiding, and the outer
boundary of ∂ has Hausdorff dimension 4/3.
A weaker version of the first part of this prediction is that for all ǫ > 0, when
n→∞, P [#∂C ∈ (n7/4−ǫ, n7/4+ǫ)]→ 1.
A second prediction concerns the crossing probabilities of a quadrilateral.
Suppose that L > 0 and l > 0, and perform critical percolation in the rectangle
[0, an] × [0, bn] where an and bn are the respective integer parts of Ln and ln.
Let x(L, l) denote the cross-ratio between the four corners of the L× l rectangle
(more precisely, it is the value x such that there exists a conformal mapping
from the rectangle onto the upper half-plane, such that the left and right-hand
side of the rectangle are mapped onto the intervals (−∞, 0] and [1− x, 1]).
Prediction 5 (Cardy’s formula [10]) When n → ∞, the probability that
there exists a path of open edges in the rectangle [0, an] × [0, bn] joining the
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left and right-hand sides of the boundary of the rectangle converges to
F (x) =
3Γ(2/3)
Γ(1/3)2
x1/32F1(1/3, 2/3, 4/3;x)
where 2F1 is the usual hypergeometric function.
These results are believed to be lattice-independent. This second statement has
been predicted by Cardy [9, 10], using and generalising conformal field theory
considerations and ideas introduced in [6, 7]. Note that this prediction is of a
different nature than the previous ones. It gives an exact formula for an event in
the scaling limit rather than just an exponent. Assuming conformal invariance,
this prediction can be reformulated in a half-plane as follows:
Prediction 6 (Cardy’s formula in a half-plane) For all a, b > 0, the prob-
ability that there exists a crossing (a path of open edges) joining (−∞,−an] to
[0, bn] in the upper half-plane converges when n→∞ towards F (b/(a+ b)).
Carleson was the first to note that Cardy’s formula takes on a very simple form
in an equilateral triangle. Suppose A,B,C are the vertices of an equilaterial
triangle, say A = 0, B = e2iπ/3, C = eiπ/3.
Prediction 7 (Cardy’s formula in an equilateral triangle) In the scaling
limit (performing critical percolation on the grid ǫZ2, say, and letting ǫ → 0),
the law of the left-most point on [B,C] that is connected (in the triangle) to
[A,C] is the uniform distribution on [B,C].
3 Brownian exponents
We now come to the core of the present paper and state some of the results
derived in the series of papers [29, 30, 31, 32] concerning critical exponents for
planar Brownian motions and simple random walks. These are mathematical
results (as opposed to the predictions reviewed in the previous section) that
had been predicted some 15 or 20 years ago. The proofs of these theorems (that
we shall briefly outline in the coming sections) do use conformal invariance,
complex analysis and univalent functions.
3.1 Intersection exponents
Suppose that (Sn, n ≥ 0) and (S′n, n ≥ 0) are two independent simple random
walks on the lattice Z2 that are both started from the origin. We are interested
in the asymptotic behaviour (when n → ∞) of the probability that the traces
of S and S′ are disjoint.
Theorem 8 ([30]) When n→∞,
P [S{1, 2, . . . , n} ∩ S′{0, 1, . . . , n} = ∅] = n−5/8+o(1).
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This result had been predicted by Duplantier-Kwon [15], see also [13, 14] for
another non-rigorous derivation based on quantum gravity ideas and predictions
by Khnizhnik, Polyakov and Zamolodchikov.
Note that, as opposed to self-avoiding walks and percolation cluster bound-
aries, the scaling limit of planar simple random walk is well-understood math-
ematically: It is planar Brownian motion (this is lattice-independent) and it is
invariant under conformal transformations (modulo time-change). This is what
makes it possible to prove Theorem 8 as opposed to the analogous prediction
for self-avoiding walks. The scaling limit analog of Theorem 8 is the following:
Theorem 9 [30] Let B and B′ denote two independent planar Brownian mo-
tions started at distance 1 from each other. Then, when t→∞,
P [B[0, t] ∩B′[0, t] = ∅] = t−5/8+o(1).
In [29, 30, 31, 32], analogous results concerning non-intersection exponents
between more than two Brownian motions (or simple random walks), in the
plane or in the half-plane, are derived.
In fact, Theorem 8 is a consequence of Theorem 9 via an invariance principle
argument (see [28] and the references therein for the connection between the two
results).
3.2 Mandelbrot’s conjecture
Let (Bt, t ≥ 0) denote a planar Brownian motion. Define the hull of B[0, 1]
as the complement of the unbounded connected component of C \ B[0, 1] and
define the the outer frontier of B[0, 1] as the boundary the hull of B[0, 1].
Theorem 10 ([29, 30, 32]) Almost surely, the Hausdorff dimension of the
outer boundary of B[0, 1] is 4/3.
This result had been conjectured by Mandelbrot [36] based on simulations
and the analogy with the conjectures for self-avoiding walks. See also [14] for
a physics approach based on quantum gravity. This theorem is in fact a con-
sequence (using results derived by Lawler in [26]) of the determination of the
following critical exponent (called disconnection exponent):
Theorem 11 ([29, 30, 32]) If B and B′ are two independent planar Brown-
ian motions started from 0, then, when t→∞,
P [B[0, t] ∪B′[0, t] does not disconnect 1 from ∞] = t−1/3+o(1).
Similarly, a consequence of Theorem 9 is that the Hausdorff dimension of the
set of cut points of the path B[0, 1] is almost surely 3/4. Analogously, we get
that the set of pioneer points (i.e., points Bt that are on the outer boundary of
B[0, t]) in a planar Brownian path has Hausdorff dimension 7/4, which - together
with Theorem 10 - is reminiscent of Prediction 4. Also, the determination of
more general exponents give the multifractal spectrum of the outer frontier of a
Brownian path. See [27] and the references therein (papers by Lawler) for the
link between critical exponents and Hausdorff dimensions. See also [5].
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4 Universality
4.1 In the plane
A first important step in the proof of Theorems 9 and 10 is the observation
that some conformally invariant random probability measures with a special
‘restriction’ property are identical. Our presentation of universality here differs
slightly from that of the preprints [34, 29, 30, 31]. A more extended version of
the present approach and of its consequences is in preparation.
More precisely, let D denote the open unit disc, and suppose that P 0 is
a rotationally invariant probability measure defined on the set of all simply
connected compact subsets K of the closed unit disc, that contain the origin
and such that K ∩ ∂D is just one single point e(K) (we endow this set with a
well-chosen σ-field). Note that the law of e(K) is the uniform probability λ on
∂D.
For all x ∈ D, the probability measure P x is defined as the image probability
measure of P 0 under a Mo¨bius transformation Φ from D onto D such that
Φ(0) = x (rotational invariance of P 0 shows that P x is independent of the
actual choice of Φ). Similarly, for any simply connected open set Ω ⊂ C (that
is not identical to the whole plane) and x ∈ Ω, we define the probability P x,Ω
as the image measure of P 0 under a conformal transformation Φ from D onto
Ω with Φ(0) = x. When Φ does not extend continuously to the boundary of D,
one can view Φ(K) as the union of Φ(K \ {e(K)}) and the prime end Φ(e(K)).
Definition 12 We say that P 0 is completely conformally invariant (in short:
CCI) if for any simply connected Ω ⊂ D, for any x ∈ D, the measures P x,D
and P x,Ω are identical when restricted to the family of sets {K : K ∩D ⊂ Ω}.
Note that (under P x,Ω), K ∩D ⊂ Ω is equivalent to Φ(e(K)) ⊂ ∂D.
Theorem 13 There exists a unique conformally invariant probability measure.
It is given by the hull of a Brownian path started from 0 and stopped at its first
hitting of the unit circle.
Idea of the proof. First, note that the measure P˜ defined using the hull of a
stopped Brownian path is indeed CCI, because of conformal invariance of planar
Brownian motion and the strong Markov property. Then, consider another CCI
measure P . It is sufficient to show that for all simply connected D′ ⊂ D that
contains 0,
P [K ∩D ⊂ D′] = P˜ [K ∩D ⊂ D′] (1)
since the family of all such events {K∩D ⊂ D′} is a generating π-system of the
σ-field on which we define the measure. Let Φ denote a conformal map from
D′ onto D with Φ(0) = 0. Then, because of the CCI property, both sides of (1)
are equal to λ(Φ(∂D ∩ ∂D′)) and hence equal.
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4.2 In the half-plane
Analogous (slightly more complicated) arguments can be developped for subsets
K of a domain that join two parts of the boundary of this domain (as opposed to
joining a point in the interior to the boundary, as in the previous subsection).
For convenience, we consider subsets of the equilateral triangle A = 0, B =
e2iπ/3, C = eiπ/3.
We study probability measures P on the set of all simply connected compact
subsets K of T such that
K ∩ ∂T = [A,A1] ∪ [A,A2] ∪ {e(K)}
where A1 = A1(K) ∈ [A,B], A2 = A2(K) ∈ [A,C] and e(K) ∈ (B,C), and such
that T \K consists of exactly two connected components (having respectively
[A1, B] ∪ [B, e(K)] and [e(K), C] ∪ [C,A2] on their boundary).
We say that P satisfies Cardy’s formula if the law of e(K) is the uniform
probability measure on [B,C].
We say that P satisfies Property I, if for all non-empty (B′, C′) ⊂ [B,C], if
Φ denotes the conformal map from T onto T with Φ(A) = A, Φ(B′) = B and
Φ(C′) = C, the image measure of P (restricted to {e(K) ∈ (B′, C′)}) under the
mapping Φ is exactly the measure P restricted to {A1 ∈ [A,Φ(B)]} ∩ {A2 ∈
[A,Φ(C)]}.
Suppose that K ′ is a simply connected compact subset of T such that K ′ ∩
[B,C] 6= ∅, K ′∩ ([A,B]∪ [A,C]) = ∅, and T ′ := T \K ′ is simply connected. Let
Φ denote the conformal mapping from T ′ onto T with Φ(A) = A, Φ(B) = B
and Φ(C) = C. We say that P satisfies Property II, if for all such K ′, the image
of P (restricted to {K : K ∩K ′ = ∅}) under Φ is identical to the measure P
restricted to the set {K : K ∩ Φ(∂T ′ \ ∂T ) = ∅}.
We the say that P is invariant under restriction if it satisfies Property I
and Property II. There are other equivalent definitions and formulations of this
restriction property.
Theorem 14 There exists a unique probability measure P that satisfies Cardy’s
formula and is invariant under restriction. It is given by the hull in T (see the
precise definition below) of Brownian motion, started from A, reflected with
oblique angle π/3 (pointing ‘away’ from A) on [A,B] and [A,C], and stopped
when reaching [B,C].
Here and in the sequel, the hull in the upper half-plane (or H-hull) of a
compact set K ⊂ H with 0 ∈ K is the complement of the unbounded connected
component of H \K. The hulll in T , or T -hull, of a compact subset of T that
contains A, is the complement of the union of the connected components of
T \K that have B or C on their boundaries.
Idea of the proof. Uniqueness follows easily from a similar argument as
in Theorem 13, by identifying P (K ∩ T ⊂ T ′) for a certain class of simply
connected subsets T ′ of T . For existence, one needs to verify that such a
reflected Brownian motion satisfies Cardy’s formula, and the restriction property
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Figure 1: The T -hull of reflected Brownian motion
follows from conformal invariance and the strong Markov property for such a
reflected Brownian motion.
Let us briefly indicate how this reflected Brownian motion is defined (see
for instance [40] for details). We first define it in the upper half-plane. Define
for any x ∈ R, the vector u(x) = exp(iπ/3) if x ≥ 0 and u(x) = exp(2iπ/3) if
x < 0. Suppose that B(t) is an ordinary planar Brownian path started from
0. Then, there exists a unique pair (Zt, ℓt) of continuous processes such that
Zt takes its values in H , ℓt is a non-decreasing real-valued function with ℓ0 = 0
that increases only when Zt ∈ R, and
Zt = Bt +
∫ t
0
u(Zs)dℓs.
The process (Zt, t ≥ 0) is called the reflected Brownian motion in H with
reflection vector field u(·). At each time t, we define Vt as the H-hull of Z[0, t].
In order to define the T -hull of reflected Brownian motion in the triangle that
is refered to in the Theorem, consider for instance a conformal mapping Φ from
H onto the triangle, such that Φ(0) = A, Φ(∞) = B, Φ(M) = C for some real
M > 0. Then the T -hull is Φ(VT ) where T is the first time at which Z hits
[M,∞].
5 Schramm’s processes
5.1 In the plane
It is possible to contruct a CCI measure P using Loewner’s differential equation
(that encodes a certain class of growing families of compact sets) driven by a
Brownian motion. See, for instance, [17] for a general introduction to Loewner’s
equation.
9
For any simply connected compact K such that the complement of K in the
plane is conformally equivalent to the complement of a disc, Riemann’s mapping
theorem shows that there exists a unique αK ∈ R and a unique conformal map
fˆK that maps the complement of K onto the complement of the unit disk in
such a way that
fˆK(z) = ze
−αK +O(1)
when z →∞.
Suppose now that (ζ(t), t ∈ R) is a continuous function taking values on the
unit circle. For any z ∈ C, define ft(z) as the solution of the ordinary differential
equation
∂tft(z) = −ft(z)ft(z) + ζ(t)
ft(z)− ζ(t)
such that
lim
t→−∞
e−tft(z) = z
For any fixed z 6= 0, the mapping t 7→ ft(z) is well-defined up to a possibly
infinite ‘explosion time’ Tz, at which ft(z) hits the singularity ζ(t) (and we put
T0 = −∞). Simple considerations show that for any time t ∈ R, αKt = t, and
ft = fˆKt , where
Kt = {z ∈ C : Tz ≤ t}
i.e., ft is the conformal mapping from the complement of Kt onto the comple-
ment of the unit disc such that ft(z) = ze
−t + o(z) when z →∞.
We now take ζ(t) = exp(i
√
κWt), t ∈ R, where κ > 0 is a fixed constant
and (Wt, t ∈ R) denotes a one-dimensional Brownian motion such that the
law of
√
κW (0) is the uniform distribution on [0, 2π]. We call (Kt, t ∈ R)
Schramm’s radial process with parameter κ (in [38, 30], it is refered to as SLEκ
for Stochastic Loewner Evolution process). Then, let T denote the first time at
which Kt intersects the unit circle. The set KT is a (random) simply connected
compact set that intersects the unit circle at just one point.
Theorem 15 [29, 30] If κ = 6, the law of KT is a CCI probability measure.
In fact, a more general result (complete conformal invariance of SLE6 as a
process) also holds, see [29, 30]. This theorem may seem quite surprising. Note
that it fails for all other values of κ. The idea of the proof is to prove ‘invariance’
of the law under infinitesimal deformations of D.
A direct consequence of Theorems 15 and 13 is that the law ofKT is identical
to the law of the hull of a stopped Brownian path. This is a rather surprising
result since the two processes (hulls of planar Brownian motion and SLE6) are
a priori very different. For instance, the joint distribution at the first hitting
times of the circles of radius 1 and 2 are not the same for SLE6 and for the hull
of a planar Brownian path.
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5.2 In the half-plane
Similarly, one can construct natural processes of compact subsets of the closed
upper-half plane H = {z : ℑ(z) ≥ 0} that are ‘growing from the boundary’.
For any simply connected compact subset K of H such that 0 ∈ K and
H \K is simply connected, there exists a unique number βK ≥ 0 and a unique
conformal map gˆK from H \K onto H such that gˆK(∞) =∞ and
gˆK(z) = z +
βK
z
+ o
(
1
z
)
when z →∞. βK which is increasing in K, is a half-space analog of capacity.
Suppose now that (a(t), t ≥ 0) is a continuous real-valued function, and
define for all z ∈ H, the solution gt(z) to the ordinary differential equation
∂tgt(z) =
2
gt(z)− a(t)
with g0(z) = z. This equation is well-defined up to the (possibly infinite) time
Tz at which gt(z) hits a(t). Then, define
Kt := {z ∈ H : Tz ≤ t}.
(Kt, t ≥ 0) is an increasing family of compact sets, and it is not difficult to see
that for each time t ≥ 0, βKt = 2t and gt = gˆKt i.e., gt is the unique conformal
mapping fromH\Kt ontoH such that gt(∞) =∞, and gt(z) = z+2t/z+o(1/z)
when z →∞.
When a(t) =
√
κWt, where W is one-dimensional Brownian motion with
W (0) = 0, we get a random increasing family (Kt, t ≥ 0) that we call Schramm’s
chordal process with parameter κ (it is refered to as chordal SLEκ in [38, 29,
30, 31]).
Note that if we put Zt(z) =Wt − κ−1/2gt(z), then
Zt(z) =Wt +
∫ t
0
2
κZs(z)
ds
so that Z can be interpreted as a (translation of a) complex Bessel flow of
dimension 1 + (4/κ). If κ < 4, it is easy to see, by comparison with a Bessel
process, that almost surely Tz <∞ for all z ∈ H , in other words, ∪t≥0Kt = H .
The scaling properties of Brownian motion easily show that it is possible
to define (modulo increasing time-reparametrization) the law of an increasing
process of hulls in any simply connected set. More precisely, if Φ is a conformal
mapping from H onto some simply connected domain Ω, then we say that
(Φ(Kt), t ≥ 0) is a chordal Schramm process (with parameter κ) started from
Φ(0) aiming at Φ(∞) in Ω. This process is well-defined modulo increasing time-
reparametrization (i.e., if there exists a (random) continuous increasing ψ such
that for all t, Kt = K
′
ψ(t), then we say that the two processes K and K
′ are
equal).
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For the remainder of this paper, we will assume that κ = 6 as this case
exhibits many very interesting properties. It is possible to compute explicitely
certain probabilities. For instance, if a, b > 0,
P (T−a < Tb) = F (b/(a+ b))
where F is the same as in Cardy’s formula In fact, much more is true:
Theorem 16 ([29]) Consider SLE6 in the equilateral triangle, started from A
and aiming at some point M ∈ [B,C]. Let T denote the first time t at which
Kt ∩ [B,C] 6= ∅. Then, the law of KT− = ∪t<TKt is independent of the choice
of M ∈ [B,C], it satisfies Cardy’s formula and it is invariant under restriction.
Again, this property is only valid when κ = 6 and there exists a more general
version in terms of processes [29].
5.3 Link with reflected Brownian motion
From Theorem 16, Theorem 14 and the strong Markov property, it follows that
the chordal process (Kt, t ≥ 0) can be reinterpreted in terms of reflected Brow-
nian motions. In particular, the law of KT− is that of the T -hull of a stopped
Brownian motion with oblique reflection. More generally, finite-dimensional
marginals of the chordal SLE6 process can for instance be constructed as fol-
lows (other more general statements with other stopping times hold as well).
Suppose that J1, . . . , Jp is a decreasing family of closed subsets of H such
that H \J1, . . . , H \Jp are simply connected. When (Kt, t ≥ 0) is chordal SLE6
in H (started at 0 and aiming at infinity), we put, for all j ≤ p,
Tj = inf{t > 0 : Kt ∩ Jj 6= ∅}.
Let V denote a simply connected compact subset of the upper half-plane
such that H ′ = H \ V is simply connected and let x ∈ ∂H ′. Define a reflected
Brownian motion (Bs, s ≥ 0) in H ′ with oblique reflection angle (angle π/3 on
the part of the boundary between x and +∞ and reflection 2π/3 between −∞
and x) as the conformal image in H ′ of reflected Brownian motion in H . If J is
a compact set, define the stopping time S = S(J) at which V ∪B[0, S] intersects
J for the first time, and the hull V = V(V, x, J) of V ∪B[0, S(J)] in H .
Now, define recursively (using each time independent Brownian motions),
V0 = {0}, x0 = 0,
Vj+1 = V(Vj , xj , Jj) and xj+1 = B(S(Jj)).
Theorem 17 The laws of (V1, . . . , Vp) and of (KT1 , . . . ,KTp) are identical.
In particular, this implies that the law of Vp is identical to that of KTp and
therefore is independent of p and J1, . . . , Jp−1. This can be viewed as a way
to reformulate the restriction property for SLE6 in terms of reflected Brownian
motions only. So far, there is no direct proof of this fact that does not use the
link with Schramm’s process.
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5.4 Relation between radial and chordal SLE6
Radial and chordal Schramm processes with parameter 6 are very closely related.
The CCI property and the restriction property in their ‘process’ versions can
be very non-rigorously described as follows: The evolution of Kt (for radial
and chordal SLE6) depends on Kt only in a local way i.e., suppose that at
time t0, Kt is increasing near some point x ∈ ∂Kt0 , then the evolution of Kt
immediately after t0 depends only on how Kt0 looks like in the neighbourhood
of x (for a rigorous version of this statement, see [29, 30]). The link between
radial and chordal SLE6 (and this is only true when κ = 6) is that this local
evolution is the same for radial and chordal SLE6, see [30]. This also leads to
a description of the finite-dimensional marginal laws of radial SLE6 in terms of
hulls of reflected Brownian motion.
6 Computation of the exponents
We now give a very brief outline of the proof of Theorem 8. As a consequence
of the results stated in the last two sections, hulls of Brownian paths at certain
stopping times can be also constructed in an a priori completely different way
using SLE6. The latter turns out to be much better suited to compute proba-
bilities involving only the shape of its complement, as SLE6 is a process that is
‘continuously growing to the outside’, whereas Brownian motion does incursions
inside its own hull, so that for instance the point at which the Brownian hull
‘grows’ makes a lot of jumps.
It is very easy to show that Theorem 8 is a consequence of the following
fact that we shall now derive: Let B and B′ denote two independent planar
Brownian motions started from 0 and ǫ > 0, and killed when they hit the unit
circle. Then, when ǫ→ 0,
P [B ∩B′ = ∅] = ǫ5/4+o(1). (2)
To derive (2), note first that if hK(B) denotes the harmonic measure of ∂D at ǫ
in D \K(B) (here K(B) is the hull of B), then
P [B ∩B′ = ∅|B] = hK(B).
Hence, using Theorem 13, shows that
P [B ∩B′ = ∅] = E[hK(B)] = E[hKT ]
where KT is radial SLE6 stopped as in Theorem 15. The construction of KT
via Loewner’s equation makes it possible to study explicitly the asymptotic be-
haviour of E[hKT ] when ǫ→ 0 by computing the highest eigenvalue computation
of a differential operator, see [30]. From this, (2) follows.
Similar (though more involved) arguments lead to Theorem 10 and to the
determination of many other such critical exponents that are defined in terms
of planar Brownian paths [29, 30, 31, 32].
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7 The conjecture for percolation
Suppose that one performs critical bond percolation (p = pc = 1/2) in the
discrete half-plane Z×N. Decide that all edges of the type [x, x+ 1] when x is
on the real axis are erased when x ≥ 0 and open when x < 0. Then, there exists
a unique infinite cluster C− formed by the negative half-axis and the union of
all clusters that are attached to it. We now explore the outer boundary of this
cluster, starting from the point (0, 0). In other words, we follow the left-most
possible path that is not allowed to cross open edges as shown in the picture
below (for convenience, we draw the line that stays at ‘distance’ 1/4 from C−).
The open edges are the thin plain lines, and the exploration process is the thick
plain line.
(0,0)(-1,0)(-2,0)(-3,0)(-4,0)(-5,0)
Figure 2: The discrete exploration process
Note that this exploration process is almost symmetric because of the self-
duality property of the planar lattice: It is (almost) the same than exploring
the outer boundary of the cluster of ‘open’ edges in the dual lattice (i.e. duals
of closed edges in the original lattice - the thick dashed edges in the picture)
attached to the ‘positive half-line’ (1 − i)/2 + N (other choices of the lattice
make this exploration process perfectly symmetric).
The conformal invariance conjecture leads naturally to the conjecture [38,
39] that in the scaling limit, this exploration process can be described using
Loewner’s differential equation in the upper half-plane, and that the driving
process a(t) is a continuous symmetric Markov process with stationary incre-
ments i.e. a(t) =
√
κWt for some parameter κ. It is then easy to identify κ = 6
as the only possible candidate (looking for instance at the probability of cross-
ing a square, see [39]), and the restriction property gives additional support to
this conjecture. In particular, note that Cardy’s formula for Schramm’s process
with parameter 6 would indeed correspond to the crossing probability.
So far, there is no mathematical proof of the fact that this exploration process
converges to Schramm’s process. However, Theorem 17 and the fact that the
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exploration process can be viewed as a discrete random walk reflected on its
past hull gives at least a heuristic hand-waving justification.
One can also recover non-rigorously the exponents predicted for self-avoiding
walks (see e.g. [34]) using the exponents derived (rigorously) for Brownian
motions and Schramm processes.
The only discrete models that have been mathematically shown to exhibit
some conformal invariance properties in the scaling limit - apart from simple
random walks - are those studied by Kenyon in [21, 22, 23, 24], namely loop-
erased walks and uniform spanning trees. These are conjectured to correspond
to Schramm’s processes with parameters 2 and 8, see [38]. For partial results
concerning percolation scaling limit and its conformal invariance, see [2, 3, 8].
For some other critical exponents related to Hausdorff dimensions of con-
formally invariant exceptional subsets of the planar Brownian curve (such as
pivoting cut points for instance) that we do not know (yet?) the value of, see
[5].
Acknowledgements. Without my coauthors Greg Lawler and Oded Schramm,
this paper would of course not exist. I also use this opportunity to thank my
Orsay colleagues Richard Kenyon and Yves Le Jan for many very stimulating
and inspiring discussions, as well as Vincent Beffara for the nice picture (Figure
1).
References
[1] M. Aizenman, The geometry of critical percolation and conformal invari-
ance, Statphys19 (Xiamen, 1995), 104-120 (1996).
[2] M. Aizenman and A. Burchard, Ho¨lder regularity and dimension bounds
for random curves, Duke Math. J. 99, 419-453 (1999).
[3] M. Aizenman, A. Burchard, C. Newman, and D. Wilson, Scaling limits for
minimal and random spanning trees in two dimensions, Random Str. Algo.
15, 319-367 (1999).
[4] M. Aizenman, B. Duplantier, A. Aharony, Path crossing exponents and the
external perimeter in 2D percolation, Phys. Rev. Let. 83, 1359-1362 (1999).
[5] V. Beffara, Conformally invariant subsets of the planar Brownian curve,
preprint (2000).
[6] A.A. Belavin, A.M. Polyakov, A.B. Zamolodchikov, Infinite conformal sym-
metry of critical fluctuations in two dimensions, J. Stat. Phys 34, 763-774
(1984).
[7] A.A. Belavin, A.M. Polyakov, A.B. Zamolodchikov, Infinite conformal sym-
metry in two-dimensional quantum field theory, Nucl. Phys. B 241, 333-380
(1984).
15
[8] I. Benjamini, O. Schramm, Conformal invariance of Voronoi percolation,
Comm. Math. Phys. 197, 75-107 (1998).
[9] J.L. Cardy, Conformal invariance and surface critical behavior, Nucl. Phys.
B 240, 514–532 (1984).
[10] J.L. Cardy, Critical percolation in finite geometries, J. Phys. A 25, L201-
L206 (1992).
[11] J.L. Cardy, Scaling and renormalization in Statistical Physics, Cambridge
University Press, 1996.
[12] J.L. Cardy, The number of incipient spanning clusters in two-dimensional
percolation, J. Phys. A 31, L105 (1998).
[13] B. Duplantier, Random walks and quantum gravity in two dimensions,
Phys. Rev. Let. 82, 5489-5492 (1998).
[14] B. Duplantier, Two-dimensional copolymers and exact conformal multifrac-
tality, Phys. Rev. Let. 82, 880–883 (1999).
[15] B. Duplantier, K.-H. Kwon, Conformal invariance and intersection of ran-
dom walks, Phys. Rev. Let. 2514-2517 (1988).
[16] B. Duplantier, H. Saleur, Exact determination of the percolation hull expo-
nent in two dimensions, Phys. Rev. Lett. 58, 2325 (1987).
[17] P. Duren, Univalent functions, Springer, 1983.
[18] P.J. Flory, The configuration of a real polymer chain, J. Chem. Phys 17,
303-310 (1949).
[19] G. Grimmett, Percolation, Springer-Verlag, 1989.
[20] C. Itzykon, J.-M. Drouffe, Statistical Field Theory, Vol. 2, Cambridge Uni-
versity Press, 1989.
[21] R. Kenyon, Conformal invariance of domino tiling, Ann. Probab., to ap-
pear.
[22] R. Kenyon, The asymptotic determinant of the discrete Laplacian, preprint
(1998).
[23] R. Kenyon, Long-range properties of spanning trees in Z2, J. Math. Phys.,
to appear.
[24] R. Kenyon, Dominos and the Gaussian free field, preprint (2000).
[25] R. Langlands, Y. Pouillot, Y. Saint-Aubin, Conformal invariance in two-
dimensional percolation, Bull. A.M.S. 30, 1–61, (1994).
16
[26] G.F. Lawler, The dimension of the frontier of planar Brownian motion,
Electron. Comm. Probab. 1 29-47 (1996).
[27] G.F. Lawler, Geometric and fractal properties of Brownian motion and ran-
dom walks paths in two and three dimensions, in Random Walks, Budapest
1998, Bolyai Society Mathematical Studies 9, 219–258 (1999) .
[28] G.F. Lawler, E.E. Puckette, The intersection exponent for simple random
walk, Comb. Probab. Comput., to appear.
[29] G.F. Lawler, O. Schramm, W. Werner, Values of Brownian intersection
exponents I: Half-plane exponents, preprint (1999).
[30] G.F. Lawler, O. Schramm, W. Werner, Values of Brownian intersection
exponents II: Plane exponents, preprint (2000).
[31] G.F. Lawler, O. Schramm, W. Werner, Values of Brownian intersection
exponents III: Two-sided exponents, preprint (2000).
[32] G.F. Lawler, O. Schramm, W. Werner, Analyticity of planar Brownian
intersection exponents, preprint (2000).
[33] G.F. Lawler, W. Werner, Intersection exponents for planar Brownian mo-
tion, Ann. Probab. 27, 1601-1642 (1999).
[34] G.F. Lawler, W. Werner, Universality for conformally invariant intersec-
tion exponents, J. European Math. Soc., to appear.
[35] N. Madras, G. Slade, The self-avoiding walk, Birkha¨user, Boston, 1993.
[36] B.B. Mandelbrot, The fractal geometry of nature, Freeman, 1982.
[37] B. Nienhuis, Critical behavior of two-dimensional spin models and charge
asymmetry in the Coulomb gas, J. Stat. Phys. 34, 731–761 (1983).
[38] O. Schramm, Scaling limits of loop-erased random walks and uniform span-
ning trees, Israel J. Math, to appear.
[39] O. Schramm, Conformal invariant scaling limits, in preparation.
[40] S.R.S. Varadhan, R.J. Williams, Brownian motion in a wedge with oblique
reflection, Comm. Pure Appl. Math. 38 405-443 (1985).
Laboratoire de Mathe´matiques,
Universite´ Paris-Sud,
Baˆt. 425
91405 Orsay cedex, France
wendelin.werner@math.u-psud.fr
17
